The Effect of Mass Transfer on Horizontal Boundary-Layer
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The effect of mass transfer, or finite viously for flow over a horizontal flat 7 (n) + () f"(n) + f(n) f"(n) +
interfacial velocities, on the velocity plate, the present problem requires
and temperature fields for the case solutions to the momentum equation N.[0.(n) + 726, ()] =0 (1)
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Fig. 1. Velocity profiles for horizontal boundary-layer flows 0.0 g

with combined free and forced convection. . 1O 2.0 3.0 4.0

Fig. 2. Temperature profiles for horizontal boundary-layer flow
. o s ) with combined free and forced convection.
neglecting gravitational effects has been
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and the energy equation

6:"(n) + Ne. [f(n) 65 () +

where f and 6, are the dimensionless
stream function and temperature dis-
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The boundary conditions are
f(0) =f"(0) = 0; fe0) =2 (3)

f(0) = constant
and
6:(0) = 1; 6:,(0) =0 (4)

The condition of arbitrary, but con-
stant, f(0) enables one to determine
the combined influence of mass trans-
fer and the gravitational field on the
flow.

When one integrates, Equation (1)
gives

7+ "+ Nenb.=
f7(0) +£(0) £7(0) (5)
and Equation (2) becomes
——NPrJ;’”fd'n
g.=c¢e (6)
Equation (6) results, since it can be

shown with the boundary conditions
given in Equations (4) that

#2(0) = — Ne, f(0)

which yields the heat flux directly.
Also, with Equations (3), it follows
that

£7(0) + f(0) 7(0) =0
and hence Equation (5) becomes
fm + ff” + Nz'ﬂez =0

(7)
Let
b=t
and by partial integration
fa fdn=nf(0) +
T o) e ®)

Consequently the same iterative method
used previously (1) is applicable.

Figure 1 shows several velocity dis-
tributions for Np, = 0.72 and various
values of the parameters f(0) and N..
Qualitatively similar deviations from the
Blausius profile are caused individually
by comparable values of the mass
transfer parameter f(0) and the gravi-
tational field parameter N, in the range
—0.5 to 0.5.

The interaction of N. and f(0) for
Ny, = 0.72 may be seen somewhat
more clearly in Table 1, where ¢(0) is
tabulated for various f(0) and N, If
these data are plotted, it is seen that
near the stagnation point $(0) = 0
negative N. cause ¢(0) to vary rapidly
with £(0). This type of behavior is not
observed with mass transfer alone.

Table 1 gives the values of ¢(0) for
Np, = 0.72 and all the N, (0) values
for which the calculation converged.
The numerical calculation requires one
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TaABLE 1. CALCULATED VALUES OF THE VELOCITY GRADIENT AT
THE WALL FOR VARIOUS N; AND f(0) AND Np, = 0.72

N f(0) #(0)
0.000 1.000 2917
0.000 0.500 2.092
0.000 0.250 1.701
0.000 0.000 1.328
0.000 —0.250 0.979
0.000 —0.500 0.658
0.000 —1.000 0.143
0.250 1.000 3.007
0.250 0.500 2.222
0.250 0.250 1.690
0.250 0.000 1.529
0.250 —0.250 1.233
0.250 —0.500 0.982
0.250 —1.000 0.633
0.500 1.000 3.095
0.500 0.500 2.346
0.500 0.250 2.009

N. 1(0) #(0)
0.500 0.000 1.705
0.500 —0.250 1.431
0.500 —0.500 1.217
0.500 —1.000 0.900
—0.250 1.000 2.823
—0.250 0.500 1.952
—0.250 0.250 1.521
—0.250 0.000 1.082
—0.250 —0.250 0.562
—0.250 —0.350 —
—0.500 1.000 2.727
—0.500 0.500 1.800
—0.500 0.230 1.312
—0.500 0.000 0.701
—0.500 —0.150 —

to iterate on ¢ until ¢(0) is determined
to the desired accuracy. However, as
seen in Equation (8), ["fd» will be
negative for larger » if ¢ is negative in
the region near the wall. This effect
accumulated with successive iterations,
and the expression for ¢(0} yields in-

creasingly large negative values. There-
fore if $(0) is negative, the iterative
procedure employed diverges; also, as
N, approaches the value required for
stagnation, the number of iterations
needed increases markedly. The exact
values of ¢(0), with various N, re-

quired for stagnation were not deter-
mined owing to the excessive numeri-
cal work required. However these may
be estimated by extrapolating the data
in Table 1 graphically and noting the
smallest values of the parameters used
in the calculation for which ¢(0) is
negative.

Figure 2 shows several representa-
tive temperature profiles. Clearly, the
effect of N. is more pronounced for
negative f(0) or when there is mass
transfer into the stream.
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Application of Reciprocal Variational Principles to
Laminar Flow in Uniform Ducts

The usefulness of variational princi-
ples in solving steady flow problems is
well known; a variety of Newtonian
and non-Newtonian problems have
been so treated (I, 10, 11, 12, 13, 14).
The problem of determining the ac-
curacy of variational flow calculations
however has not received much atten-
tion. The present note shows how such
a determination can be made, with
reciprocal variational principles de-
veloped by Hill (5, 6) and independ-
ently by Johnson (7, §).

The variational theorems of Hill and
Johnson are quite general with regard
to system geometry, rheological be-
havior, and boundary conditions. To
focus attention on the reciprocal as-
pects of the theorems the present dis-
cussion deals only with rectilinear
Newtonian flow, and the basic equa-
tions are specialized accordingly. The
notation and terminology here parallel
those used by Johnson.
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BASIC EQUATIONS

Consider the steady flow of a New-
tonian fluid, of constant viscosity and
density, in a long, cylindrical duct of
arbitrary cross section S, under a
known pressure gradient. The flow is
assumed to be parallel to the z-axis,
except for a small region at each end
of the duct. Determine Q, the volu-
metric rate of flow.

For this system the equations of
continuity and motion (2) become

0v, 0 (1)
0z a
0P
0= —— 2
p (2a)
d
0=-2 (2b)
ay
P s Ory:
= —— — 2
0 [i74 ox d (2¢)
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The nonvanishing components of the
viscous stress tensor are given by

do,
Tzz:TzzZ_lL-—a;— (Sa)
Ty: = Tay = — H o0 (Sb)

ay

and the boundary conditions are

atz=0, P=9%, (4a)
atz=L, P=%, (4b)
at the walls, v, = 0 (5)

where the region 0 < z <L lies inside
the region of fully developed flow.

Hill (5, 6) and Johnson independ-
ently (7, 8) have given two methods
for variational solution of this prob-
lem. By applying both methods one
obtains upper and lower bounds on
the quantity

Io::'_'zL (i')o"‘@z,)Q (6)
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